The thrust of the present work is to analytically and experimentally study the response of a simply supported beam driven by multiple piezoelectric actuators in an effort to understand distributed excitation of the structure. The results indicate that the theoretical model provides the basis for a viable means of determining appropriate locations for piezoelectric actuators for exciting desired modal distributions in the structural response.
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Based on the expansion theorem, the system response to a harmonic input can be obtained in terms of the eigenvectors (modal response) of the system. Before developing the response of the beam, an approximate model of the input from the actuator must be developed.
Analysis of actuator
Piezoelectric elements are activated by applying a polarization voltage along their polarization direction. If an actuator is unconstrained, polarization in the z direction will result in equally induced strains in the x and y directions of the actuator. The magnitude of this strain can be expressed as a function of the piezoelectric strain constant d3,, the applied voltage V, and the actuator thickness t:
(fix)pc = 6pc = (d3,/t) V, The subscripts pe and b will be used when referencing properties of the piezoelectric material and beam, respectively. 2
In developing the simplified theoretical model, the piezoelectric elements are assumed to be perfectly bonded to the structure with zero glue thickness. While a finite bonding layer will be encountered in practice, the negative effect of shear lag losses will be compensated to some extent by the increase in net moment loading as the shear stresses induced by the actuators are displaced from the neutral axis of the beam. In fact, previous work based on finite-element models of the glue layer, piezoelectric actuator, and structure indicate that a thin bonding layer results in a response identical to that of the case of zero glue thickness. In addition, results from finite-element analysis demonstrate that for thin bonding layers, material properties of the glue, such as the Young's modulus, have negligible effect on the structural response due to excitation by the piezoelectric actuator. 6
Since the stiffness of the beam about the x axis is 9.5 times greater than that about the y axis and the length of the actuator in they direction is 2.3 times smaller than that in the x direction, the bending of the beam about the x axis will be negligible in comparison to that about the y axis. As a result of this observation, the spatial response of the beam can be expressed simply as a function of the x direction. The term actuator will apply to a patch pair, one bonded to the top of 
The actuator patch can be replaced by creating pure bending of the beam such that the bending surface of the beam is equal to the interface stress when the patch is activated. To begin, the beam and piezoelectric patch interface stress-strain relations are derived directly from Hooke's law:
By superimposing the external beam strains at the interface and unconstrained piezoelectric element strains, the actuator stresses can be derived:
(a,,,)p½ = Ep½ (e,,,--%½).
The bending stresses in the beam are linear in z and can be written in terms of the interface values:
Similarly, the stresses in the piezoelectric element are (%,)pc = (%,,)pc --(%,,)a (1 --z/h).
After determining the interface stress of the beam, the uniformly distributed moments can be determined to produce the assumed linear stress distribution. However, the interface strains and beam-bending stresses must be derived in terms of the constituent material properties and unconstrained actuator strains since Eq. (8) 
For convenience, a nondimensional parameter K is defined as follows:
2(h 3 + t 3) + 3ht 2' Equation (13) may now be substituted into Eqs. (8) and (9) to eliminate the interface beam strains from the expression:
(1 --P)e,,, = --Pepe, 
where Co = --Eb [2P/3(1 --P)]h 2.
The previous formulation was based on the assumption of an infinite beam and piezoelectric element. Since in reality both are finite, a justification of the earlier assumption must be given. For a finite actuator patch pair, the normal stress distribution does not hold at the free edge where equilibrium conditions require the normal stress at the actuator boundary to be zero. However, Liang and Rogers 7 showed that the actuator stress field for a distributed actuator is unaffected by the free edge up to approximately four actuator thicknesses from the boundary. As a result, if the actuator is large compared to its thickness, the assumed stress field depicted in Fig. 1 creates a case of pure bending in the beam, which is the fundamental premise of the formulation. Crawley and de Luis • have also shown that when a finite piezoelectric strip is perfectly bonded to a beam, the induced moments effectively act at the element boundaries and result in pure bending of a one-dimensional structure. In the following derivation, the response of the simply supported beam due to excitation with a piezoelectric actuator will be derived.
Excitation of simply supported beam
After developing the piezoelectric-actuator-induced stress relations, the response of a finite beam due to excitation with a bonded rectangular actuator is derived. The beam depicted in Fig. 2 is simply supported at the boundaries as previously noted. To maintain consistency with the model, the actuator consists of two piezoelectric elements bonded symmetrically to the beam. Activation of the piezoelectric actuator will induce internal moments across the patch, and the strains are the same in both the x and y directions. Since the model for the beam is one dimensional, the strain induced in the y direction will not be considered. This strain serves to increase the local stiffness of the beam about the x axis due to the curvature induced. Since the stiffness about the x axis is much greater than that about the y axis, the curvature is small in comparison. To consider the effect of strain induced in the y direction, a two-dimensional model of the structure is required. However, the purpose of this study is to evaluate the one-dimensional model by comparing modal amplitudes obtained from experiments and theory.
• 
After obtaining the final expression for the modal amplitudes, a summary of the previous assumptions is in order.
The piezoelectric patch is assumed to be perfectly bonded to the beam, resulting in equivalent interface strains in the actuator and beam. As outlined by Crawley and de Luis, 1 significant thickness of the bonding layer can render this assumption invalid. In addition, the piezoelectric element is assumed to have negligible effect on the inertial mass and stiffness of the beam. This assumption will certainly be dependent on relative size of the actuator compared to that of the structure; however, for commercially available piezoelectric elements with a thickness on the order of 0.2 mm and beams of the order of 2 mm, the assumption is justified.
II. EXPERIMENTAL DISCUSSION
After developing the theoretical predictions for the modal response of the structure, a simply supported beam was designed and built. The theory to experimentally investigate the modal response of the structure as well as the range of linearity of response was developed.
A. Experimental setup
The experimental setup focused around the test and evaluation of the piezoelectric actuators bonded to a simply supported steel beam shown in Fig. 2 . This beam was attached to light-gauge steel supports at the end points, and these supports were attached to a rigid steel structure. The ends of the beam were fixed spatially in the z direction; however, the beam was relatively free to rotate about its ends, creating the desired simply supported boundary conditions. During all tests, the frequency response for the output signal was limited to 2000 Hz since higher frequencies do not provide significant additional information and limit the frequency resolution. In addition, the expected application for active vibration and noise control is most likely well below this frequency. A Hanning window was applied to the timedependent signal, and 64 averages were obtained for each complete data set with 50% overlap processing.
Several preliminary tests were conducted before proceeding with experiments devoted to studying distributed excitation of the structure. A modal analysis of the structure was performed to compare mode shapes and resonant frequencies from the designed structure and theoretical model. A discussion of the modal analysis is included in the Appendix. In addition, the range of linearity for the structural response must be identified before comparing results between experiments and theory. A description of this test and methods of analysis are also included in the Appendix.
B. Distributed excitation and spatial decomposition
The primary experimental test to be performed pertains to the topic of distributed excitation. Since the piezoelectric actuator is finite and must be bonded to the structure at some predetermined spatial coordinates, the possibility of driving the structure at any chosen mode was considered. To investigate this possibility, a spatial decomposition was performed. 8 In other words, the piezoelectric device was driven at a constant amplitude and frequency, and the structural response was measured and decomposed into modal amplitudes. Two accelerometers were placed on the structure, with one of the accelerometers being the reference. The reference accelerometer was located at the first grid point such that all modes could be detected. The "floating" accelerometer was moved over eight grid points, allowing computation of eight modal amplitudes.
The frequency response function between the accelerometers was measured as well as the autospectrum of the reference accelerometer. The autospectrum provides a means of scaling the data in terms of engineering units. By computing the frequency response function, phase information is also obtained. If the beam is assumed to respond as predicted in the theoretical analysis from Euler beam theory, a matrix of spatial coefficients can be generated from the theoretical eigenvectors by substituting the spatial coordinates of the "floating" accelerometer into the equation. After repeating this for eight separate measurement locations, since eight distinct modal amplitudes can be computed, an 8 X 8 matrix of the eigenvectors will result. After measuring the acceleration at each of these coordinates, a system of linear algebraic equations results: To determine if independent modes could be dominantly excited, the structure was driven at a variety of frequencies and phasing between the two actuators bonded to the beam. Some spillover is expected in other modes since the piezoelectric actuator is distributed over the surface of the structure. The goal is to determine the ability to excite independent modes of the structure. In Fig. 3 
III. RESULTS
A modal analysis of the beam was initially performed to determine if the assumption of Euler beam theory was justified in modeling the beam. Upon completing the modal analysis, the linearity test was studied to determine an appropriate working range of input voltages for the piezoelectric actuators. Finally, a test was performed such that experimental and theoretical results could be compared.
A. Modal analysis and theoretical analysis
The experimental modal analysis was performed to determine if the structural response exemplified a simply supported beam. For comparison, the theoretical eigenvalues and eigenfunctions for the experimental beam were computed. Common material properties for steel were chosen with a Young's modulus of 29 Mpsi ( 200 GPa) and a density of 487 lb/ft 3 (7800 kg/m3). The modal analysis of the structure yielded 13 eigenvalues, 6 of which are presented in Table I .
Tabulated with the experimental results are the theoretical predictions for the first six resonant frequencies of the structure. It should be noted that the theoretical model includes a term for structural damping; however, this term simply serves to create a finite response at resonance. For the first four modes of the structure, the predicted values of the resonant frequencies are less than the experimentally measured values; however, for modes 5 and 6, the predicted values exceed the measured values. In both cases, the percent difference in predicted and measured values for resonant frequencies is on the order of 3 %.
The first four resonant frequencies obtained experimentally are observed to be higher estimates of the theoretical resonant frequencies. This can be explained by examining the spectral resolution. Since the base bandwidth was 2000 Hz and 400 spectral lines were displayed, the spectral resolu- 5 . Large deviations in the response were noted at frequencies below 100 Hz; however, coherence was poor in this region because of the inability of the piezoelectric actuator to respond efficiently in this operating range. To clarify the results, plotting of the data in this regime was suppressed.
Results from a statistical analysis of the phase were eliminated since they essentially replicated that of the magnitude in linearity. As previously mentioned, a 95% confidence interval was chosen as the criterion for determining the range of linearity. This confidence interval is based upon the normalized error of the FRF, which, in turn, is dependent upon the coherence. Before continuing, a few notes about the coherence are worthy of mentioning. The coherence of the output to the input was on the order of 0.95, except at resonance where the coherence dropped significantly. This can be expected since the force decreases on resonance, reducing the signal-to-noise ratio. This problem could be eliminated by implementing burst random excitation. The separation of the confidence intervals were on the order of 1.2 dB at both resonance and antiresonance. The large separation at antiresonance is due to low output from the structure. Based on this knowledge, the response of the structure in the frequency range tested can be considered linear for the input levels previously documented.
After completing the test with a bandlimited input voltage, a harmonic input voltage was used to drive the structure. The frequency response function was measured as previously described; however, the only frequency of interest was the driving frequency. Harmonic inputs at frequencies Results from the linearity tests indicate that the struc-, tural response is linear under typical operating voltages and deviations from linear response are on the order of 5% for higher voltage levels. Since only discrete frequencies were tested with harmonic inputs, the results from the bandlimited input can be used to infer that the linearity measured at these frequencies is typical for inputs in the 100-2000-Hz frequency range for voltage levels ranging from 30 to 90 V rms.
C. Distributed excitation and spatial decomposition
To study the effects of distributed excitation, the piezoelectric actuator was driven at various harmonic frequencies on and off resonance. The goal was to determine the ability of the actuator to excite various modes of the structure and examine the effects of spillover. For the purpose of this study, spillover will be used to describe the response of undesired modes due to the chosen spatial location of the actuators on the structure, and the undesired modes will be termed residual modes. In other words, relative phasing of voltage between actuators can be chosen to elicit the response of a desired mode; however, because of the location of the actuators on the structure, other residual modes will contribute to the overall response. A variety of tests were conducted to compare the predicted and measured response of the desired modes and residual modes of the structure due to harmonic excitation of piezoelectric actuators.
Since the theoretical and experimental eigenfunctions compared well, the spatial matrix of eigenvectors utilized in forming the system of linear algebraic equations was used to determine the modal amplitudes at a given frequency from the displacement data. The actuators were driven both independently and coupled. During the first series of tests, the leftmost actuator was driven at frequencies of 100, 200, and 350 Hz. Following this test, the actuators were driven simultaneously both in phase and out of phase at frequencies of 100, 150, 200, and 350 Hz. Since the goal of the study was to compare the theoretical response of the structure to the experimental response, a computer program was written to predict the modal amplitudes for the above chosen tests from Eq. (38). Results from excitation of a single actuator at 100 and 350 Hz were not as interesting since they simply illustrated dominant response of the structure at the second and third modes, respectively. As illustrated in Fig. 6 , the theoretical response of the structure at the fourth mode was negligible. This result is due to the location of the piezoelectric actuator on the structure. When an actuator is excited at a given frequency, it essentially responds by bending at that frequency. This motion is opposed to the motion of the structure in the region of a nodal line since an inflection of the structure is observed at this location. Spill- This excitation frequency is nearest the second mode; however, the dominant response of the structure was at the third mode. This result was confirmed both experimentally and theoretically, illustrating that selection of location and phasing of the actuators is as important as the choice of the excitation frequency in driving the structure at a desired mode. Another observation worthy of mention is the response of the structure at the first mode for each of the previous test cases. When the actuators were driven in phase, the first mode contributed significantly to the structural response. However, when driven out of phase, the contribution of the first mode was suppressed, thus demonstrating control over residual modes of the structure. When two in phase actuators are used, the response switches to the third mode while the second mode is suppressed. When two out of phase actuators are used, the second mode is dominant while the residual (third) mode is suppressed. From the results presented, it is apparent that implementation of a greater number of actuators will lead to increased excitation of selected modes with reduced spillover. In fact, the ideal actuator for steady-state excitation would be, as shown by Meirovitch and Norris, 9 an infinite number of infinitely small independently controlled elements completely covering the beam. In this way, a generalized control force can be created which is orthogonal to all modes except that which is required to be excited. In summary, phasing of the actuators in achieving excitation of chosen structural modes was shown to be as significant as choice of excitation frequency. In addition, the theoretical and experimental results were, on the average, within 25% of each other for the dominant modes of the structure. Differences in experimental and theoretical results were thought to be due to a number of factors, of which the most important were likely to be finite bonding layer, variation in the d 31 constant, asymmetry of actuator bonding and position, and errors inherent in the modal decomposition procedure. Discrepancies between the modal amplitudes predicted from theory and those resolved from structural measurements are likely the result of several assumptions made in the analysis. Since a one-dimensional equation was used to predict the response of the simply supported beam, the effective increase in stiffness of the beam due to strain in the y direction was not included in the model. In addition, since the piezoelectric actuators did not span the full width of the beam, the induced moment was scaled by the ratio of the width of the actuator to that of the beam. This is analogous to distributing a concentrated load over the surface of application. Finally, in the experimental analysis, a finite number of structural measurements were taken, limiting the number of modes which can be resolved computationally. As a result, spatial aliasing of the unresolved higher modes possibly contributed to the noted discrepancies between theoretical and experimental results for the residual modes.
If the goal is to predict a more accurate response of the beam, a finite-element analysis is in order, including the structural response in the x and y directions. However, for the purpose of choosing optimal actuator locations and relative structural response for a given control application, the one-dimensional model is more than sufficient. Even if the goal is to more accurately predict the response of the beam, a model such as that presented is best suited for initial studies to determine optimal actuator locations for eliciting the desired beam response since the computational time required is minimal compared to that required by finite-element analysis. 
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